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Abstract
The present work aims at investigating the performance of exponential annular fins of
constant weight made of functionally graded materials (FGM). The work involves com‐
putation of efficiency and effectiveness of such fins and compares the fin performances
for different exponential profiles and grading parameters, keeping the weight of the fin
constant. The functional grading of thermal conductivity is assumed to be a power func‐
tion of radial co-ordinate which consists of parameters, namely grading parameters, vary‐
ing which different grading combinations can be investigated. Fin material density is
assumed to be constant and temperature gradient exists only along the radial direction.
The convective coefficient between the fin surface and the environment is also assumed
to be constant. A general second-order governing differential equation has been derived
for all the profiles and material grading. The efficiency and effectiveness of the annular
fin of different geometry and grading combinations have been calculated and plotted and
the results reveal the dependence of thermal behavior on geometry and grading parame‐
ter. The effect of variation of grading parameters on fin efficiency and effectiveness is re‐
ported. The results are provided in the form of 2-D graphs, which can be used as design
monograms for further use.
Keywords: FGM, Annular fin, Exponential profile, Grading parameter, Geometry param‐
eter
1. Introduction
A substantial amount of research endeavors have been carried out to determine the best
dimensions of the annular fins so that the rate of heat transfer can be minimized for a given
fin volume or the fin volume can be maximized for a specified heat duty. However, the use of
fins with optimum profile is restricted due to the associated difficulty of manufacturing.
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A detailed review of literature on optimum design of fins was carried out starting with
Gardener [1] where upon using a set of idealizing assumptions, the efficiency of various
straight fins and spines have been reported. Duffin [2] gave a method for carrying out the
minimum weight design of a fin using a rigorous mathematical method based on Variational
calculus and assumed constant thermal conductivity of a fin material and a constant heat
transfer coefficient along the fin surface. For purely conductive and convective fins, the
criterion for the optimal problem was first proposed by Schmidt [3]. Murray [4] presented
equations for the temperature gradient and the effectiveness of annular fins with constant
thickness with a symmetrical temperature distribution around the base of the fin. Carrier and
Anderson [5] discussed straight fins of constant thickness and annular fins of constant cross-
sectional area, presenting equations for fin efficiency of each. Duffin and McLain [6] solved
the optimization problem of straight-based fins assuming that the minimum weight fin had a
linear temperature distribution along its length. Brown [7] reported the optimum dimensions
of uniform annular fin by relating fin dimensions to the heat transfer and thermal properties
of the fin and heat transfer coefficient between the fin and its surroundings. Smith and Sucec
[8] derived analytically the efficiency of circular fins of triangular profile by using Frobenius
method.
Maday [9] found the optimum fin thickness variation along the fin. The optimization of fins
is generally based on two approaches: one is to minimize the volume or mass for a given
amount of heat dissipation and the other is to maximize the heat dissipation for a given volume
or mass. Ullmann and Kalman [10] adopted the first way and determined the efficiency and
optimum dimensions of annular fins with triangular, exponential, and hyperbolic profiles
using numerical techniques. Dhar and Arora [11] described the methods of carrying out the
minimum weight design of finned surfaces of specific type by first obtaining the optimum
surface profile of a fin required to dissipate a certain amount of heat from the given surface,
with no restriction on the fin height and then extended their study for the case when fin height
is given. Mikk [12] found the optimum fin thickness variation along the fin. This type of fin
shape is complex and involves manufacturing problems. Mikk [13] further worked for
convective fins of minimum mass.
In a recent work, Arauzo et al [14] reported a ten-term power series method for predicting the
temperature distributions and the heat transfer rates of annular fins of hyperbolic profiles.
Assuming fixed fin volume, Arslanturk [15] reported simple correlation equations for opti‐
mum design of annular fins with uniform cross sections to obtain the dimensionless geomet‐
rical parameters of the fin with maximum heat transfer rates. These simple correlation
equations can help the thermal design engineers for carrying out the study on optimum design
of annular fins of uniform thickness. In their recent work, Kundu and Das [16] reported the
performance analysis and optimization of concentric annular fins with a step change in
thickness using Lagrange multiplier. Performance of annular fin of rectangular profile having
functionally graded materials (FGM) was reported by Aziz and Rahman [17].
In a recent work, Acosta-Iborra and Campo [18] reported that approximate analytic tempera‐
ture profiles and heat transfer rates of good quality are easily obtainable without resorting to
the exact analytic temperature distribution and heat transfer rate based on modified Bessel
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functions. Kang [19] reported the optimum performance and fin length of a rectangular profile
annular fin using variations separation method. Theory for FGM for the temperature-depend‐
ent material properties with multiobjective optimization was carried out by Goupee and Vel
[20]. In this work, the thermal conductivity varies inversely with the square of the radius. Aziz
and Fang [21] presented alternative solutions for different tip conditions of longitudinal fins
having rectangular, trapezoidal, and concave exponential profiles and reported relationship
between dimensionless heat flux, fin parameter, and dimensionless tip temperature for all the
geometries. Aziz and Khani [22] presented an analytical solution for thermal performance of
annular fins of rectangular and different convex exponential profiles mounted on a rotating
shaft, losing heat by convection to its surroundings. In their work, convection heat transfer
coefficient was assumed to be a function of radial coordinate and shaft speed.
In an experimental study, heat transfer rate and efficiency for circular and elliptical annular
fins were analyzed for different environmental conditions by Nagarani [23] and high efficiency
was reported for elliptical fins as compared to circular ones. In a recent work, Aziz and Fang
[24] derived analytical expressions for the temperature distribution, tip heat flow, and Biot
number at the tip and reported thermal performance of the annular fin under both cooling and
heating conditions.
In the present work, investigation has been reported for variation of thickness and thermal
conductivity of material along the radius of the fin keeping the weight of the fin equal to that
of a standard rectangular fin. The constraint of constant weight is imposed to compare
variation in thickness with rectangular profile as there are several applications where weight
is a very crucial parameter to decide the fin selection. Also without imposing the constraint of
constant weight, there is always a possibility that selection of fin has been done based on larger
surface area having higher weight.
It is a well-known fact that the temperature gradient is higher at the base, hence for the
maximum heat transfer higher thermal conductivity should be provided at the base as
compared to other part of fin; this can be achieved with functional grading of thermal
conductivity of fin material. The original concept of functional grading of material was
proposed to take the advantage of excellent thermal performance of ceramics with the
toughness of metals. This gave way to the idea of gradient-based varying of microstructure
from one material to another material. This transition is usually based on power series.
Aerospace industry, chip manufactures, engine and energy component manufacturers are
most interested in evolution of new graded materials that can withstand high thermal
gradients.
2. Mathematical formulation
It is assumed that there are no temperature gradients along the thickness of the fins. It is also
assumed that the effect of external environment on the surface convection is negligible and
hence a constant convective heat transfer coefficient has been adopted for the fin material. The
second-order differential equation for the heat transfer through the fins has to be developed
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to find the temperature profile. This correlation equation (second-order differential equation)
has been solved using computational algorithm in MATLAB software and the computed
information has been analyzed. For calculating the heat balance, the details for a control
volume of length ‘dr’ of a fin is shown in Figure 1. Applying the law of conservation of energy
or thermal energy balance:
  r r dr convQ Q Q+= + (1)
 
 
Figure 1. Elemental strip in fin of length ‘dr’ and a comparison of constant weight uniform and exponential profile.
Normalization of the problem is carried out using the following equations
Using the above equation, the following equation can be arrived at
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and the fin parameter, mf =(2h / aδ0)0.5
upon introducing the normalized variables, the governing equation becomes
2
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Here inA1, the first term represents the variation in thickness and the second term represents
the variation of thermal conductivity along the length of the fin. It means for rectangular profile
with isotropic materials only the third term of A1 exists and that makes equation (3) more
generalized for handling complex geometry with FGM.
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Assuming the geometry variation and thermal conductivity variation of FGM material as
follows
δ =δ0(e −n x m) or δ¯ = (e −n x m)
and k =ar b
Using the above relation, equation (3) becomes
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Equation (4) is solved using the following boundary conditions:
i. ϕ =1 at x=0
ii. dϕ
dx = 0 at x = 1, i.e., tip is insulated
Similarly, efficiency and effectiveness of the fin is obtained from the general equation as
follows:
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If the temperature distribution or if the first derivative of the temperature (ϕ ')x=0 at the fin base
is known, then equations (5) and (6) enable the fin efficiency and effectiveness to be calculated.
The first derivative of temperature at the fin base for different shapes of fin has been calculated
using the solution of general second-order differential equation (4).
The effect on fin performance has been carried out for the following cases:
Case I: By varying the geometry parameters n and m and keeping all other parameters
constant.
Case II: By varying coefficient of thermal conductivity, a is observed with geometry parame‐
ters, keeping grading parameter b constant.
Case III: The geometry is kept constant with variation in grading parameters a and b.
3. Results and discussion
The dimensionless temperature ϕ is a function of normalized variables, n and m due to chosen
fin shape, grading parameter, a and b for thermal conductivity variation, mf, Rf and x due to
the fin geometry. Considering x as the only independent variable and keeping the other
variables constant, equations (4) and (5) have been solved for the various values of n ranging
between 0 and 0.9, m ranging between 0.5 and 1.5, grading parameter b ranging between −2
and 2, coefficient of thermal conductivity a ranging between 5 and 25, and for all the cases the
values of Rf are kept constant, i.e., 3. The numerical values of system properties are h = 25 W/
m2, δ0 = 0.01 m, and R0 = 0.1 m.
The first derivative of temperature at the fin base, i.e.,ϕ ′x=0 helps to calculate the fin efficiency
and effectiveness and is calculated by solving second-order differential equation in MATLAB.
The values of ϕ′x=0 can be obtained for different values of Rf, n, m, and b. Temperature variation
along the radius is depicted in Figure 2 for the rectangular annular fin, i.e., n = 0 for different
values of mf at grading parameter b = −1, it has been observed that the results obtained from
the numerical coding are having good agreement with the Aziz and Rahman’s study [18].
Figure 3 clearly shows the variation of efficiency and effectiveness with the parameter m for
different values of geometry parameter n keeping the other variable constant (i.e., b = −1
andmf = 20). It is evident from Figure 3 that efficiency first decreases and then increases with
increase in parameter m and a minima has been observed near the value of m = 0.6. Effectiveness
increases monotonously with the parameter m and tends to effectiveness of rectangular fins,
i.e., n = 0, this is due to the constraint of constant weight. Both efficiency and effectiveness
decrease sharply with geometry parameter n as shown in Figure 4, and similar trends have
also been obtained for different values of geometry parameter m as shown in Figure 4.
Variation of efficiency and effectiveness with coefficient of thermal conductivity a with
different values of n keeping other variables constant (i.e., m and b) is depicted in Figure 5.
The efficiency and effectiveness increase sharply with increase in a, which is due to the fact
that as a increasesmf decreases.
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Figure 3. Variation of efficiency and effectiveness with parameter m for different values of n (case I).
 
 
 
Figure 4. Variation of efficiency and effectiveness with n for different values of m at mf = 20 and b = −1 (Case I).
Figure 2. Excess temperature over radial co-ordinate for rectangular annular fin.
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Figure 5. Variation of efficiency and effectiveness with a for different values of n (Case II).
Similar trends have also been observed for variation of efficiency and effectiveness with
coefficient of thermal conductivity a with different values of m, keeping other variables
constant (i.e., n and b), is depicted in Figure 6 but the effect of variation in parameter m is not
significant.
 
 
 
Figure 6. Variation of efficiency and effectiveness with a for different values of m (Case II).
Variation of excess temperature θ along the radial co-ordinate has also been analyzed in Figure
7 and Figure 8 with coefficient of thermal conductivity a and grading parameter b keeping the
geometry of annular fin constant (i.e., n = 0.5 and m = 0.5). The performance of fin decreases
sharply as the grading parameter shifted from negative value to positive value and it is highest
for when it has been kept −2. This is because of higher thermal conductivity that is available
at the base (as the temperature of base is higher) to dissipate more heat. The variation of
temperature along the radius with a falls exponentially, and performance of fin increases with
increase in a value for a fixed geometry of the exponential profile fin.
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Figure 7. Excess temperature over the radial surface for different grading parameter b (Case III).
Figure 8. Excess temperature over the radial surface for different grading parameters a at n = 0.5, m = 0.5, and b = −1
(Case III).
4. Conclusion
The performance of exponential annular fins made of FGM is reported. During the analysis,
the weight of the different geometry fin is kept constant to the rectangular fin. The study is
carried out for different values of geometry parameters n and m and grading parameters a and
b. It is observed that both effectiveness and efficiency decrease asmf increases for any geometry
and grading. Also the variation in efficiency and effectiveness with geometry parameter m is
almost constant but decreases sharply with n, and the effect of variation of n on efficiency and
effectiveness is direct in nature. The effect of grading parameter b on fin performance is also
investigated, and it is observed that both efficiency and effectiveness decrease as b value shifted
from negative to positive and it is highest for b = −2. Therefore, it can be concluded that highest
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thermal conductivity is required at the base of the fin to dissipate more amount of heat (due
to the highest temperature difference available). Also grading of thermal conductivity should
provide inversely square of the length from the base of the fin to obtain the highest performance
of the fin compared to the isotropic material (i.e., b = 0). Performance of the fin increases with
increase of coefficient of thermal conductivity a due to higher thermal conductivity material
of the fin.
5. Nomenclature
a,b Grading parameters for thermal conductivity
h Convection heat transfer coefficient (W/(m2 °K))
k Thermal conductivity of the fin material (W/m°K)
L Fin length (m)
m Geometry parameter which controls the shape
mf Convectional fin parameter ((2h/aδ0)0.5)
n Geometry parameter which controls the thickness
Q Heat dissipation (W)
Rf Aspect ratio, constant for fin shape relations (R1/R0)
r Fin radius at the start of element (m)
R Radius (m)
T Temperature (°C)
x Dimensionless radial coordinate
6. Greek symbols
δ Fin thickness (m)
δ¯ Dimensionless fin thickness (δ1/δ0)
η Efficiency of fins
ε Effectiveness of fins
θ Temperature excess of fin over ambient fluid (°C) (T – T0)
Φ Dimension less temperature (θ/θ0)
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7. Subscripts
0 At the base of fin
1 At the tip of fin
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